Abstract. In this paper we study and characterize those Diophantine inequalities ax mod b ≤ x whose set of solutions is a symmetric numerical semigroup.
Given two integers a and b with b = 0 we write a mod b to denote the remainder of the division of a by b. Following the notation used in [8] , a modular Diophantine inequality is an expression of the form ax mod b ≤ x. The set S(a, b) of integer solutions of this inequality is a numerical semigroup, that is, it is a subset of N (the set of nonnegative integers) closed under addition, 0 ∈ S(a, b) and such that N\S(a, b) has finitely many elements. We say that a numerical semigroup is modular if it is the set of solutions to a modular Diophantine inequality. As shown in [8] , not every numerical semigroup is of this form.
If S is a numerical semigroup, then the greatest integer not in S is the Frobenius number of S, denoted by g(S). The numerical semigroup S is symmetric (see [1] ) if x ∈ Z \ S implies g(S) − x ∈ S (Z is the set of integers). This kind of semigroup has been widely studied and characterized in the literature (see, for instance, [2, 4, 6] ). We will say that the inequality ax mod b ≤ x is symmetric if S(a, b) is a symmetric numerical semigroup.
It is well known (see, for instance, [7] ) that every numerical semigroup S is finitely generated and thus there exist positive integers n 1 , . . . , n p such that
If no proper subset of {n 1 , . . . , n p } generates S, then we say that this set is a minimal system of generators of S. Minimal systems of generators always exist and are unique (see [7] ); the cardinality of a minimal system of generators of S is known as the embedding dimension of S, denoted here by e(S).
Clearly, the inequality ax mod b ≤ x has the same integer solutions as the inequality (a mod b)x mod b ≤ x. Thus we may assume (and in fact we will) that a, b ∈ N and a < b. Note that S(0, b) = N is trivially symmetric.
Throughout this paper (and unless otherwise stated) we will assume that a and b are positive integers, and that d = gcd{a, b} and d = gcd{a − 1, b} (gcd stands for greatest common divisor). In Proposition 4, we will show that S(a, b) is symmetric if and only if S(a,
such that S(a, b) is symmetric. As a consequence, in Corollary 6 we show that S is a modular symmetric numerical semigroup if and only if S = kt, kt , t + t where k, t, t are positive integers such that gcd{t, t } = gcd{k, t + t } = 1. If S is a numerical semigroup with e(S) ≤ 2, then by [5] , S is symmetric and by [9] we know that S is modular. Proposition 9 states that e( kt, kt , t + t ) = 3 if and only if 1 ∈ {t, t , k}. We finish the paper proposing the open question of deciding for which positive integers g there exists a modular symmetric numerical semigroup with embedding dimension three and Frobenius number g.
The following result is a consequence of Corollaries 6, 16 and 17, and Lemma 11 in [8] . Recall that a and b are positive integers, with a < b and that d = gcd{a, b} and d = gcd{a − 1, b}.
2) Let x be a positive integer. Then x ∈ S(a, b) and b − x ∈ S(a, b) if and only if
The next result is broadly used throughout this paper.
Lemma 2. S(a, b) is symmetric if and only if
In order to prove Proposition 4, we need the following result which can be deduced from [5] .
Lemma 3.
If S = n 1 , n 2 , n 3 is a numerical semigroup and (gcd{n 1 , n 2 })n 3 ∈ n 1 , n 2 , then S is symmetric.
Proposition 4. S(a, b) is symmetric if and only if
Note that as an immediate consequence of this proposition, we have that if S(a, b) is symmetric, then e(S(a, b)) ≤ 3. In view of [5] , we deduce that if S is a modular numerical semigroup, then S is symmetric if and only if S is a complete intersection; or equivalently, S is free in the sense of [3] .
Given two integers x and y, denote by x | y the fact that x divides y. , b) . Therefore, (1+u+v) mod k = 0. By using the equalities seen above,
The last equality holds because d ≥ 2 and thus
As S(ud, kdd ) = S(a, b) is symmetric, by Lemma 2, we have that kdd − d − d ∈ S(ud, kdd ) and consequently
This implies that d > dd ((u + v) mod k) and this forces (u +
Sufficiency. Clearly, gcd{ut, (u + v)tt } = t and gcd{ut − 1, (u + v)tt } = gcd{vt , (u+v)tt } = t . By using that k divides u+v, we obtain that gcd{ut, ktt } = t and gcd{ut − 1, ktt } = t . We apply Lemma 2 to prove that S(ut, ktt ) is symmetric. It suffices to show that ktt −t−t ∈ S(ut, ktt ). Note that for k = t = 1, the result follows trivially, since S(ut, t) = S(0, t) = N, which is symmetric. Thus, assume that k ≥ 2 or t ≥ 2. Note that ut(t + t ) mod ktt = (t(1 + vt ) + utt ) mod ktt = (t + (u + v)tt ) mod ktt = t, since k | u + v and t < ktt because k ≥ 2 or t ≥ 2. Hence ut(ktt − t − t ) mod ktt = ktt − t > ktt − t − t . This implies that ktt − t − t ∈ S(ut, ktt ) and this concludes the proof. Conversely, as gcd{t, t } = gcd{k, t + t } = 1, we have that gcd{kt, t + t } = 1. Thus there exist positive integers u, v such that ukt − v(t + t ) = 1, or equivalently (uk − v)t − vt = 1. Besides, k trivially divides uk − v + v. We can apply Theorem 5 and deduce that S ((uk − v)t, ktt ) is symmetric. Then in view of Proposition 4, we know that S((uk−v)t, ktt ) = kt, kt , t+t and by Lemma 2, g(S) = ktt −t−t .
Example 7.
If we use Corollary 6 with t = 2, t = 3 and k = 7, then S := 14, 21, 5 is a modular symmetric numerical semigroup with g(S) = 37. Moreover, from the proof of the above mentioned corollary, we can obtain a couple of positive integers a, b such that S = S(a, b). It suffices to observe that kt = 14, t + t = 5 and 4 × 14 − 11 × 5 = 1. Hence u = 4 and v = 11, which implies that S = S((uk − v)t, ktt ) = S(34, 42) = 14, 21, 5 .
Example 8. S := 6, 7, 9 = {0, 6, 7, 9, 12, 13, 14, 15, 16, 18, →} (the arrow means that from this point on, every integer belongs to the set) is a symmetric numerical semigroup with g(S) = 17. By using Corollary 6, we can deduce that S is not modular, since there are no positive integers k, t and t such that gcd{t, t } = gcd{k, t + t } = 1 and {6, 7, 9} = {kt, kt , t + t }.
Proposition 9. Let k, t and t be positive integers such that
Then e( kt, kt , t + t ) = 3 if and only if 1 ∈ {k, t, t }.
Proof. If t = 1, then k, kt , t + t = k, 1 + t . Thus e( kt, kt , t + t ) ≤ 2. The cases t = 1 and k = 1 are analogous.
Conversely, as k = 1, we have that t+t ∈ kt, kt , since otherwise k would divide t + t , in contradiction with gcd{k, t + t } = 1. If kt ∈ kt , t + t , then kt = rkt + s(t + t ) for some nonnegative integers r and s. The fact that gcd{k, t + t } = 1, implies that k divides s and thus we can write t = rt + s k (t + t ). But this forces s/k = 0 and t = rt , because t, t > 1, contradicting that gcd{t, t } = 1. Analogously, one proves that kt ∈ kt, t + t . This shows that e( kt, kt , t + t ) = 3.
It is well known (and easy to prove) that the Frobenius number of a symmetric numerical semigroup is always an odd integer. If g is an odd positive integer, then in view of Corollary 6 with t = t = 1 and k = g + 2, we deduce that 2, g + 2 is a symmetric modular numerical semigroup with Frobenius number g (this actually was already known to us prior to Corollary 6, since 2, g + 2 is symmetric with Frobenius number g and it is modular in view of [9] ). As we will see in Example 11, there is no symmetric modular numerical semigroup with embedding dimension three and Frobenius number nine. So the natural question arises: For which values of g there exists a symmetric modular numerical semigroup with embedding dimension three and Frobenius number g? As a consequence of Corollary 6 and Proposition 9 we obtain the following result, which answers (though not in an effective way) the above question. Example 11. We prove that there are no symmetric modular numerical semigroups with embedding dimension three and Frobenius number nine. By using Corollary 10, it suffices to show that nine cannot be expressed as ktt − t − t with k, t, t ≥ 2 and gcd{t, t } = gcd{k, t + t } = 1. As tt ≥ t + t , if 9 = ktt − t − t , then (k − 1)tt ≤ 9. From the conditions imposed on k, t and t , we deduce that k = 2 and {t, t } = {2, 3}. But then ktt − t − t = 7 = 9.
We finish this work with an example where we give some families of positive integers g for which there exists a symmetric modular numerical semigroup of embedding dimension three and Frobenius number g.
Example 12.
• If we apply Corollary 10 to t = 2 and t = 3, then we obtain that there exist symmetric modular numerical semigroups with embedding dimension three and Frobenius number g, for every g in the set {k6 − 5 | k ≥ 2, gcd{k, 5} = 1} = {7, 13, 19, 31, . . .}.
• For t = 2 and t = 5 we obtain the set 
